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Abstract
A Kummer theory of division points over rank one Drinfeld A= Fq[T ]- modules dened over
global function elds was given. The results are in complete analogy with the classical Kummer
theory of division points over the multiplicative algebraic group Gm dened over number elds.
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0. Introduction
Let K be a number eld and let K be a xed algebraic closure of K . For any positive
integer n, let n be the group of nth roots of unity in K . Let G(n) = Gal(K(n)=K).
For K =Q, G(n) = (Z=nZ), and for any number eld K , G(l) = (Z=lZ) for almost
all prime numbers l.
For a nitely generated multiplicative subgroup   of rank r in Gm(K) = K,   is
of nite index in its division group  0 in K. One considers the tower of Kummer
extensions K K(n)K(n;  1=n), where K(n;  1=n) is the Galois extension of K
by adjoining the nth roots of unity and the n-division points of   in Gm( K). Let
H (n) = Gal(K(n;  1=n)=K(n)) and G (n) = Gal(K(n;  1=n)=K).
Classical Kummer theory of division points over the multiplicative algebraic group
Gm over K asserts the following well-known results (see [9, Theorem 4:1]):
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(i) For K = Q, if n is prime to 2[ 0 :  ], then H (n) is isomorphic to the direct
product of r copies of the abelian group n.
(ii) For any number eld K , H (l) = l      l (r-copies) for almost all prime
numbers l.
In this paper, we provide an analogous Kummer theory over the additive algebraic
group Ga with additional module structure in the function eld setting. More precisely,
let k = Fq(T ) be the rational function eld over a nite eld Fq and let L be a nite
extension of k in a xed algebraic closure k of k. Let A = Fq[T ] and let  be a
Drinfeld A-module of rank one dened over L, where L is viewed as an A-eld of
generic characteristic (see [6, Section 4:4], for a general denition of Drinfeld modules).
In particular, the Carlitz module (see [6, Chapter 3]) is a rank-one Drinfeld module
dened over k.
For a monic polynomial M in A, let M be the M -torsion points of the Drinfeld
module . Explicitly, M = f 2 k jM () = 0g, where M () denotes the action of
M on . It is known that for the Carlitz module, Gal(k(M )=k) = (A=MA), and for
any rank one Drinfeld module  dened over an A-eld L of generic characteristic,
we have Gal(L(l )=L) = (A=lA) for almost all monic irreducible polynomials l in A
(see [6, Theorem 7:7]).
Let   be a nitely generated A-submodule of rank r in the additive group (L;+).
Let (1=M)  = f 2 k jM () 2  g be the M -division module of   in ( k;+). Then
we have the tower of Kummer extensions LL(M )L(M ; (1=M) ). Let H (M)=
Gal(L(M ; (1=M) )=L(

M )) and G (M) = Gal(L(

M ; (1=M) )=L). Analogous to the
classical case, we have the following results:
(i) For the Carlitz module, except for the case where q = 2 and T jM or T + 1jM ,
under some mild condition, we have H (M) = M      M ( r-copies) as
A-modules.
(ii) For any rank one Drinfeld module, we have that for almost all monic irreducible
polynomials l, H (l) = l      l ( r-copies) as A-modules.
Here, the main idea is to show that an A-module structure is naturally equipped
on H (M) (or particularly, on H (l)). Then, for the Carlitz module case, a Kummer
theory along the line of the classical theory (see [10, Chapter VI, Section 11]) can
be developed with this A-module structure naturally equipped throughout the whole
theory. This establishes the above result (i).
For a general rank one Drinfeld A-module, using the A-module structure of H (l)
together with the independence property given by Denis (see [4, Theorem 5]), the
above result (ii) can be established easily. Our proof is essentially the same as that of
Denis in [4] except that the above A-module structure is naturally equipped throughout
the whole theory.
As for more general aine rings A, the same result as (ii) should follow by the same
proof provided a proof of the independence property of Denis is given accordingly for
A. This includes a revised canonical height function and Dirichlet lemma for general
ane ring A (see [4, Section 4]).
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1. Some basic properties of Drinfeld modules of rank one
Throughout this paper, let k=Fq(T ) be the rational function eld of one variable over
a nite eld Fq of q elements, where q=pm for some prime number p. Let A=Fq[T ]
be the polynomial ring over Fq which is the subring of those rational functions regular
outside the place 1 associated with 1=T . Let k be a xed algebraic closure of k. In
this section, we will briey review some denitions and basic properties of Drinfeld
modules of rank one. For a general reference, we refer to Chapters 3, 4 of [6] and [7],
respectively.
First, recall that Carlitz makes A act as a ring of endomorphisms on the additive
group of k as follows:
Let  : k ! k be the Frobenius automorphism dened by ()= q and let T be the
map dened by T ()=T. The substitution T 7! +T yields a ring homomorphism
from A into the Fq-algebra End( k) of all Fq-endomorphisms of the additive group of k.
This provides k with the structure of an A-module which is called the Carlitz module.
Write M for the action of M 2 A on  2 k, then we have M =M (+ T )(). In
particular, for a 2 Fq, a = a for all  2 k. If d = degM , then M =
Pd
i=0 [
M
i ]
qi ,
where each [Mi ] is a polynomial in A of degree (d− i)qi such that [M0 ] =M and [Md ]
is the leading coecient of M . In [3, Eq. 1:6], Carlitz gives an explicit formula for
these polynomials.
For M 6= 0 in A, let M =f 2 k j M =0g. Then M is an A-submodule of k which
is called the module of M -torsion points of the Carlitz module. One has the following
properties:
(1.1) M is a vector space over Fq of dimension d, where d= degM:
(1.2) M is a cyclic A-module with (M) generators, where (M) is the order of the
group of units of A=(M): In fact, if  is a given generator and B 2 A, then B is
a generator if and only if B and M are relatively prime. Moreover, (M) is equal
to the annihilator of M . Hence M is A-isomorphic to A=(M).
(1.3) The M -torsion points M generate a nite abelian extension, namely, the M th
cyclotomic function eld k(M ) over k such that Gal(k(M )=k) = (A=(M)).
The isomorphism was given by B 7! B, where B()= B for a given generator
 of M over A. In particular, J = fa j a 2 Fqg is a subgroup of Gal(k(M )=k)
which is known to be the inertia group of any innite prime of k(M ) (see also
[5, Proposition 1:3]).
Remark. Since the A-action is given by a polynomial over k, the action of Gal(k(M )
=k) on M commutes with the A-action. So, B() = B, for all  2 M .
A eld L is said to be an A-eld if there is a ring homomorphism  :A ! L. An
A-eld L is said to be of generic characteristic if the kernel of  is zero; otherwise, L
is said to be of nite characteristic }, where } = ker(). Let L be a nite extension
of k which is viewed as an A-eld of generic characteristic. Then  is said to be a
rank one Drinfeld A-module dened over L if  is a ring homomorphism from A to
174 W.-C. Chi, A. Li / Journal of Pure and Applied Algebra 156 (2001) 171{185
End( L) with T (X ) = TX + aX q, for a 6= 0; a 2 L. For example, the Carlitz module is
a rank one Drinfeld module over k.
Let  :A ! Lfg be a Drinfeld A-module of rank one dened over a nite extension
L of k, where L is viewed as an A-eld of generic characteristic. Denote m() to be
the action of m 2 A on  2 k. For m 6= 0 in A, let m = f 2 k jm() = 0g. Then
m is an A-submodule of k which was called the module of m-torsion points of the
Drinfeld module . One has the following properties:
(1.4) m is a vector space over Fq of dimension d, where d= degm:
(1.5) m is an A-module which is isomorphic to A=(mA).
(1.6) For every monic irreducible polynomial l in A which satises the following
conditions:
(a)  has good reduction at the primes of L lying over l,
(b) l is unramied in Ls=k, where Ls=k is the maximal separable subextension
of L=k,
we have that L(l )=L is a nite abelian extension such that Gal(L(

l )=L) =
(A=lA) (see [6, Theorem 7:7:1]).
Remark.
(1) Since the A-action is given by a polynomial over L, the action of Gal(L(m)=L)
on m commutes with the A-action.
(2) Let  be a Drinfeld module of rank one over an A-eld L of generic characteristic.
For a monic irreducible polynomial l in A which satises the above conditions in
(1:6); Gal(L(l )=L) consists of elements of the form:  = a:  7! a(), where
 is a generator of l over A and a 2 A runs over a set of representatives of
(A=lA).
2. The Kummer theory over the Carlitz module
In this section, let   be a nitely generated A-submodule of the additive group
(k;+). For a nonconstant polynomial M in A, let (1=M)  = f 2 k j M 2  g be the
M -division module of  . Denote by K=k(M ) and kM; =k(M ; (1=M) ). Analogous
to the classical Kummer theory over Q, we are interested in the following tower of
Kummer extensions k K  kM;  with associated Galois groups:
By (1:3), the Galois group G(M) is isomorphic to (A=(M)). The main goal is to
show that under some mild conditions, H (M) is as large as possible.
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Given z 2 k and let fz(u) = uM − z, where uM =
Pd
i=0 [
M
i ]u
qi is the polynomial
in u which gives the Carlitz A-action on k as we have dened in Section 1. Then
fz(u) 2 k[u] and it is easy to see that fz(u) is a separable polynomial of degree qd.
The following properties are well known (see [6,7]):
(2.1) W =f+j 2 Mg, where  is any xed root of fz(u) in k, form the complete
set of all roots of fz(u) in k.
(2.2) The splitting eld kM;z of fz(u) over k, is a nite abelian extension of K such
that HM;z =Gal(kM;z=K) is naturally embedded into M by  7! ( ) if  () =
 + ( ). More generally, for any given nitely generated A-submodule   of
(k;+), the composite of all kM;z; z 2  , kM; , is also an abelian extension of K .
For any given z 2 k, by (2.2), the Galois group HM;z is isomorphic to a subgroup
HM of M . Considering the tower of Galois extensions k K  kM;z, the Galois group
Gal(K=k) acts naturally on HM;z =Gal(kM;z=K) by conjugation. Keeping the notations
in (1:3) and (2:2), we may identify the Galois group Gal(K=k) with (A=(M)). Then
this action is explicitly given as follows:
Proposition 2.1.  B    =  B ; for all B 2 (A=(M));   2 HM;z; where  B and   are
given by  B() = 
B and  () = + .
Proof. For any given  B 2 Gal(K=k), let  2 Gal(kM;z=k) be an extension of  B. Then,
for any given   2 Gal(kM;z=K), we have  B  = −1. Note that −1()=+0
for some 0 2 M . Consequently,
( B   )() = (     −1)()
= (   )(+ 0)
= (+ 0 + )
= + B
=  B():
This completes the proof.
Now we extend the preceding natural action of (A=(M)) on Gal(kM;z=K) to an
action of A=(M) on Gal(kM;z=K) as follows:
Given f 2 A, in the case q 6= 2 or q=2 but T (T +1) -M; we can write f(modM)
as a nite sum
P
fi(modM) such that (fi;M) = 1 for all i. This can be done by
Chinese Remainder Theorem as follows.
Proposition 2.2. Let M be a xed nonzero element in A = Fq[T ]. In the case that
q 6= 2 or q = 2 with T (T + 1) -M; for any f 2 A; f (modM) can be written
as a nite sum
P
fi (modM) with (fi;M) = 1 for all i. On the other hand; if
q = 2 and T (T + 1) jM; then such a decomposition for f (modM) does not always
exist.
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Proof. First, we assume that q 6= 2 or q=2 with T (T+1) -M . Let M=Pn11 :::Pntt , where
Pi; i=1; 2; : : : ; t; are distinct irreducible polynomials in A. In particular, (Pi; Pj)=1 when-
ever i 6= j. The assertion is trivial when (f;M)=1. If M jf, then f=(f−1)+1 gives
a desired nite sum for f (modM). So, we may assume that (f;M) 6= 1 and M -f.
Consider f (mod Pnii ) for each i = 1; 2; : : : ; t: Let I f1; : : : ; tg be the set of indices
i such that f  ai (mod Pnii ) with ai 6 0 (mod Pnii ) and let J = fj j 1  j  t and Pnjj
divides fg= f1; : : : ; tg n I .
If 2 - q, then by Chinese Remainder Theorem, there exist f1 and f2 in A such that
f1 
8>><
>>:
ai=2 (mod P
ni
i ) for i 2 I with Pi - ai;
ai − 1 (mod Pnii ) for i 2 I with Pi j ai;
1 (mod Pnjj ) for j 2 J
and
f2 
8>><
>>:
ai=2 (mod P
ni
i ) for i 2 I with Pi - ai;
1 (mod Pnii ) for i 2 I and Pi j ai;
−1 (mod Pnjj ) for j 2 J:
Then f  f1 + f2 (modM) with (f1; M) = (f2; M) = 1:
For 2 j q, we discuss the two possible cases as follows:
Case (i): q=2s, where s  2. For i 2 I with Pi - ai; ai (mod Pi) is a nonzero element
of the nite eld A=(Pi) which has at least two distinct nonzero elements. So we can
choose a polynomial bi 2 A with (bi; Pi) = 1 such that ai + bi 6 0 (mod Pi). For i 2 I
with Pi j ai, it is obvious that (ai +1; Pi) = 1. Thus, for each i 2 I , there always exists
a bi 2 A with (bi; Pi) = 1 such that (ai + bi; Pi) = 1. Applying Chinese Remainder
Theorem, there exist f1 and f2 such that
f1 
(
ai + bi (mod P
ni
i ) for i 2 I;
1 (mod Pnjj ) for j 2 J
and
f2 
(−bi (mod Pnii ) for i 2 I;
−1 (mod Pnjj ) for j 2 J:
Then f  f1 + f2 (modM), where (f1; M) = (f2; M) = 1.
Case (ii): q = 2 with T (T + 1) -M . In this situation, degPi  2 for all i 2 I . In
particular, the nite eld A=(Pi) has at least two distinct nonzero elements. The same
argument as in Case(i) would give a desired decomposition for f (modM).
Finally, assume that q = 2 and T (T + 1) jM . Take an f 2 A such that T jf and
T +1 -f. Suppose f  f1+   +fn (modM) with (fi;M)=1 for all i; 1  i  n: Then
f(0) = f(1) = n. But T jf implies that f(0) = 0 and T + 1 -f implies that f(1) = 1,
which is a contradiction. Similarly, for f 2 A with T -f and T + 1jf; f (modM)
cannot have the decomposition. This completes the proof.
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Thus, in the case where q 6= 2 or q=2 but T (T+1) -M , we can dene, for   2 HM;z
and f 2 A=(M),
f    =
X
i
 fi    =
X
i
  fi =  P  fi :
It is easy to check that this action is independent of the decomposition f Pfi(modM)
by noting that
P
fi = fi = f which is independent of the choice of fi.
Therefore, this action is well dened. Composing with the canonical map from A to
A=(M), we have an A-action on HM;z.
By the same way, Gal(K=k) acts naturally on Gal(kM; =K) by conjugation. In par-
ticular, we have an (A=(M))-action on Gal(kM; =K). Denote this action by f  , for
f 2 Gal(K=k) and  2 Gal(kM; =K). It is easy to check that (f  )jkM; z = f  (jkM; z)
for each z 2  . Except for the case q=2 and T (T +1)jM , for each f 2 A=(M), write
f Pfi (modM) with (fi;M) = 1. Then we can dene f   =P fi  , and hence
( f  )jkM; z = f  (jkM; z) for each z 2  . This gives an A-action on Gal(kM; =K).
Note that under the natural embedding   7!  by (2:2)HM;z is isomorphic to a
subgroup HM of M . The above denition obviously gives that f = f . In particular,
if  2 HM , then so is f for all f 2 A. Thus, HM is an A-submodule of M . To
summarize the above discussion, we have the following (see also [8]).
Proposition 2.3. Except for the case q= 2 and T (T + 1)jM; we have:
(1) The A-action dened as above gives an A-module structure on HM;z and conse-
quently gives an A-module structure on HM; .
(2) HM is an A-submodule of M and HM;z; HM are isomorphic as A-modules.
Conse-quently; HM;z and HM;  are A-modules of exponent M .
Proof. First, it is easy to check that HM;z is an A-module under the above well-dened
A-action as follows:
(i) HM;z is known to be an abelian group.
(ii) For f 2 A and for  1 ;  2 in HM;z with 1; 2 in HM M , by Proposition 2.1,
f  ( 1 +  2 ) = f   1+2 =  (1+2)f =  f1 +  f2 = f   1 + f   2 :
(iii) Let f; g 2 A and let  2 HM . Write f 
P
fi (modM); g 
P
gj (modM),
with (fi;M) = (gj;M) = 1 for all i; j: Then
(fg)    =
 X
i; j
 fi gj
!
   =
X
i; j
 figj =  fg :
On the other hand,
f  (g   ) = f   g =  gf = (fg)   :
Moreover, (f + g)    =  f+g =  f +  g = f    + g   :
Finally, by Proposition 2.1, it is clear that HM;z and HM are isomorphic as A-modules.
Since HM is of exponent M , so are the Galois groups HM;z and HM; . This completes
the proof.
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Remark. Gal(k(M )=k) acts on HM;z by conjugation and acts on M naturally. By
Proposition 2.1,  B  = B=  B(), so HM;z and HM are isomorphic as Gal(k(M )=k)-
modules as well.
Recall that M is a cyclic A-module. Consequently, HM is a cyclic A-module and
hence HM;z is a cyclic A-module. This leads to the following general denitions.
To x notations, let E; F be extensions of k in k.
Denition 2.4. (1) An abelian Galois extension E=F is said to be A-abelian if its
Galois group has an A-module structure. Denote it by (E=F; A) to specify the A-module
structure.
(2) An A-abelian extension (E=F; A) is said to be A-cyclic if its Galois group is a
cyclic A-module. In this case, if Gal(E=F) = A=(M); where M is a monic polynomial,
then we say that the A-cyclic extension E=F is of order M .
Denition 2.5. An A-abelian extension (E=F; A) is said to be of exponent M if its
Galois group G is an M -torsion A-module, i.e., M A  = 1 for all  2 G.
Example. Let K = k(M ) and z 2 k − kM . With the A-module structure dened in
Proposition 2.3, kM;z=K is an A-cyclic extension of order N dividing M and kM; =K is
an A-abelian extension of exponent M .
Remark. For any eld extension E=k in k and for any automorphism  of E over k,
by the formula given by Carlitz, we have
(M ) = 
 
dX
i=0
[Mi ]
qi
!
=
dX
i=0
[Mi ]()
qi
= ()M for all M 2 A:
In other words,  is an A-module automorphism of the A-module (E;+).
Proposition 2.6. Assume M F . If (E=F; A) is an A-cyclic extension of order M;
then there exists  2 E such that E = F() and  satises an equation XM − a = 0
for some a 2 F .
Proof. By denition, G = Gal(E=F) is isomorphic to A=(M) as A-modules. On the
other hand, M is isomorphic to A=(M) as A-modules. Thus we have an A-isomorphism
f :G ! M . If  is a generator of G over A, then =f() is a generator of M over
A. Moreover, f(B A ) = B for all B 2 A.
Consider the map f. Since G acts trivially on M , we may view f as a 1-cocycle
of G with values in the additive group (E;+). It is well known that H 1(G; E) = 0 by
normal basis theorem. Consequently, there exists an  2 E such that f()= −  for
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all  2 G. In particular,  =  + , where  is a xed generator of G over A and
=f(). For any  2 G; =B A for some B 2 A. Hence we have B A()=+B for
all B 2 A. We conclude that f+ j 2 Mg are distinct conjugates of  over F . This
implies that [F() :F]  jA=(M)j. Since [E :F] = jA=(M)j, we must have E = F().
Furthermore, (M ) = (())M = ( + )M = M and for all B 2 A; B A (M ) =
(B A ())M = ( + B)M = M . Thus M 2 F and we let a = M . This proves the
assertion.
Recall that, by (1:3); J = faja 2 Fqg is a subgroup of G(M), where a() = a.
This gives the following result by a well-known theorem of Sah (see [9,
Theorem 5:1]).
Proposition 2.7. Except for the case where q = 2 and T jM or T + 1jM; we have
H 1(G(M); M ) = 0.
Proof. For q 6= 2, there exist elements a and a− 1 2 Fq such that  7! a−  is an
automorphism of M . For q=2 but neither T nor T +1 divides M , (A=(M)) contains
elements f and f+1 such that  7! f− is an automorphism of M . Then by Sah’s
theorem, we have H 1(G(M); M ) = 0:
For the rest of this section, we assume that q 6= 2 or q= 2 but neither T nor T + 1
divides M .
For the nitely generated A-submodule   of (k;+), let  0 = (1=M)  \ k and dene
the exponent e( 0= ) to be the unique monic polynomial with smallest degree such
that  0e( 
0= ) . It is easy to check that e( 0= ) is well dened.
For each a 2  , let  2 k be a root of the polynomial fa(X )=XM−a. Let  2 HM; .
Then = +  for some  2 M . The map  7!  is obviously a homomorphism
of HM;  into M . Write  =  − . It is easy to see that  is independent of the
choice of the root  of XM −a. We denote  by h; ai. The map (; a) 7! h; ai gives
us a map HM;     ! M .
Proposition 2.8. The map HM;     ! M given by (; a) 7! h; ai is A-bilinear; so
that the kernel on the left is f1g and the kernel on the right is   \ KM .
Proof. If a; b 2   and M = a; M = b, then (+ )M = a+ b and hence h; a+ bi=
(+ )− (+ ) = (()− ) + (()− ) = h; ai+ h; bi for all  2 HM; . On the
other hand, let ;  2 HM;  and a 2  . If M = a, then ()= (+ )= + + .
Hence
h; ai= h; ai+ h; ai:
Moreover, for each B 2 A and for each  2 HM; , by the denition of A-action  on
HM;  (see the discussion above Proposition 2.3), we have B  () =  + B . In other
words,
hB  ; ai= B  ()− = B = h; aiB:
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On the other hand, if M=a, then (B)M=aB. Hence h; aBi=(B)−B=(())B−
B=(+h; ai)B−B=h; aiB: This proves that the map (; a) 7! h; ai is an A-module
bilinear map from HM;     to M .
Suppose  2 HM;  such that h; ai= 0 for all a 2  . Then for every generator  of
kM;  such that M = a, we have = . Hence =1 and the kernel on the left is f1g.
On the other hand, let a 2   be such that h; ai= 0 for all  2 HM; . Let  2 k be
such that M =a. Consider the subeld kM;a=K() of kM; . If  62 K , then there exists
an automorphism of K() over K which is not the identity. Extend this automorphism
to kM;  and call this extension . Then clearly h; ai 6= 0. Thus the kernel on the right
is   \ KM .
Consequently, we have an A-module homomorphism ’ :  ! HomA(H (M); M ).
More precisely, for each a 2  , we have an A-module homomorphism
’a :H (M)! M dened by ’a() = − ;
where M = a.
Theorem 2.9. Let eM ( ) = g:c:d:(e( 0= ); M) and let  ’ be the kernel of ’. Then
 eM ( )’  M .
Proof. Let a 2  ’ and M = a. For each  2 G (M), dene  =  − . Then fg
is a 1-cocycle of G (M) in M . Since a 2  ’; =  for all  2 H (M); this cocycle
depends only on the class of  modulo the subgroup H (M) of G (M). We may view
 as a 1-cocycle of G(M) in M . By Proposition 2.7, there exists a 0 2 M such
that  = 0 − 0 for all  2 G (M). Thus (− 0) = − 0 for all  2 G (M).
In other words, −0 2 k. Since both  and 0 are in (1=M) , we have −0 2  0.
This proves that a = ( − 0)M 2 ( 0)M for all a 2  ’ and hence  ’( 0)M . Since
eM ( )=f  e( 0= )+g M for some f; g 2 A, we have that  eM ( )’ ( 0M )eM ( ) M .
This completes the proof.
Corollary 2.10. If eM ( ) = 1; then  M =   \ KM =   \ kM . In this case; the pairing
H (M)   = M ! M is nondegenerate. Consequently; we have an A-module (resp.
A=(M)-module) isomorphism
’ : = M ! HomA(H (M); M ) (resp: ’ : = M ! HomA=(M)(H (M); M )):
Proof. By Theorem 2.9, the right kernel of the pairing H (M)  ! M is contained
in  M . In other words, we have that (  \ KM ) M . On the other hand,  M (  \
kM )(  \ KM ). We conclude that  M =   \ KM =   \ kM . In particular, the pairing
H (M) = M ! M is nondegenerate. By duality of A- (resp. A=(M)-) modules, we
have the isomorphisms as stated.
Corollary 2.11. If eM ( )=1 and   is free of rank r with basis fa1; : : : ; arg; let ’i=’ai ;
then the map H (M) ! M      M (r-copies) given by  7! (’1(); : : : ; ’r())
is an A-module (resp. A=(M)-module) isomorphism.
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Proof. It is easy to see that the map  7! (’1(); : : : ; ’r()) is injective. On the other
hand, Corollary 2.10 implies that H (M) has order jA=(M)jr , which is also the order
of M      M (r-copies). Hence it is surjective. This proves the assertion.
Remark. (i) Let   be a nitely generated A-submodule of (k;+) of rank r. By general
theory of modules over principal ideal rings (see [1, Chapter VII, Section 4]) and
Theorem 1 of [11],   is isomorphic to a direct sum of the form A      A or
A      A  A=(N ), where N is a nonzero polynomial. If eM ( ) = 1, by Corollary
2.11, we have a noncanonical A=(M)-module isomorphism between  = M and H (M).
If in addition   = A    A, or,   = A    AA=(N ) and M is relatively prime
to N , then H (M) is isomorphic to M      M (r-copies).
(ii) If the orders of M and G(M) are relatively prime, for example,
M =
Y
P jM
P is a product of distinct irreducible polynomials P;
then H 2(G(M); M ) = 0 by Corollary (10:2) in [2]. In this case, the orders of H (M)
and G(M) are also relatively prime, so H 2(G(M); H (M)) = 1, where G(M) acts on
H (M) by conjugation. In particular, the exact sequence 1 ! H (M) ! G (M) !
G(M) ! 1 is split and G (M) is a semidirect product of H (M) by G(M) (see [2,
Chapter IV]).
3. The Kummer theory over rank one Drinfeld Fq[T ] -modules
In this section, we will consider general rank one Drinfeld A-modules, and the fol-
lowing discussion will be similar to that given in the previous section. The main
dierence is that the Galois group of the cyclotomic extension can be completely de-
termined for any nonzero polynomial in the Carlitz module case, while in general rank
one case, it can only be determined under some condition (see [6, Theorem 7:7:1]).
For the convenience of the readers, we will also give the sketch of the proof.
Let  be a Drinfeld A-module of rank one dened over a nite extension L of k,
where L is viewed as an A-eld of generic characteristic. For simplicity, we denote
L(m) by Lm for all m 6= 0 in A. By denition, it is clear that the additive group of
Lm is an A-submodule of k.
Given z 2 L and let fz(u) = m(u)− z. Then fz(u) 2 L[u] and it is easy to see that
fz(u) is a separable polynomial of degree qd, where d is the degree of m. Similar to
the discussions in Section 2, we can consider the splitting eld Lm;z of fz(u) over L,
say Lm(), where  is any xed root of fz(u) in k. And we have that Lm;z is a nite
abelian extension of Lm such that Hm;z =Gal(Lm;z=Lm) is naturally embedded into 

m
by  7! ( ) if  () =  + ( ). More generally, for a given A-submodule   of L,
let Lm;  be the composite of all Lm;z; z 2  . Then Lm;  is also an abelian extension
of Lm.
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Throughout the rest of this section, l will denote a monic irreducible polynomial in
A satisfying the following conditions:
(a)  has good reduction at the primes of L lying over l,
(b) l is unramied in Ls=k, where Ls=k is the maximal separable subextension of L=k.
For any given z 2 L, via the above embedding, the Galois group Hl;z is isomorphic
to a subgroup Hl of 

l . Considering the tower of Galois extensions LLlLl;z,
the Galois group Gal(Ll=L) acts naturally on Hl;z = Gal(Ll;z=Ll) by conjugation. By
identifying the Galois group Gal(Ll=L) with (A=lA), this action can be explicitly
computed as Proposition 2.1, we have  a    =  a(), for all a 2 (A=lA);   2 Hl;z;
where  a and   are given by  a() = a() and  () = + .
As in Section 2, we can extend the natural action of (A=lA) on Gal(Ll;z=Ll) to
an action of A=lA on Gal(Ll;z=Ll). This action is well dened. Composing with the
canonical map from A to A=lA, we have an A-action on Hl;z as well as on Hl; .
The above denition obviously gives that a    =  a() for a 2 A. In parti-
cular, if  2 Hl, then so is a() for all a 2 A. Thus, Hl is an A-submodule of
l . To summarize the above discussion, we have the following results as in Propo-
sition 2.3.
Proposition 3.1. Let l be a monic irreducible polynomial in A satisfying the above
conditions. We have:
(1) The A-action dened as above gives an A-module structure on Hl;z and conse-
quently gives an A-module structure on Hl; .
(2) Hl is an A-submodule of 

l and Hl;z; Hl are isomorphic as A-modules. Conse-
quently; Hl; z and Hl;  are A-modules of exponent l.
Let   be a nitely generated A-submodule of the additive group (L;+). Let (1=l) =
f 2 k jl() 2  g be the l-division module of  . Denote by Ll = L(l ) and Ll;  =
L(l ; (1=l) ). Analogous to the classical Kummer theory, we are interested in the
following tower of Kummer extensions LLlLl;  with associated Galois groups:
Since G(l) = (A=lA) has order prime to the order of l , by a well-known result
in [2, Corollary 10:2], we have the following.
Proposition 3.2. H 1(G(l); l ) = 0.
By (1:6), the Galois group G(l) is isomorphic to (A=lA). The main goal is to show
that under some mild condition, H (l) is as large as possible.
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Let  0=(1=l) \L and dene the exponent e( 0= ) to be the unique monic polyno-
mial with smallest degree such that e( 0= )( 0) . It is easy to check that e( 0= )
is well dened.
For each a 2  , let  2 k be a root of the polynomial f(X )=l(X )−a. Let  2 Hl; .
Then = +  for some  2 l . The map  7!  is obviously a homomorphism
of Hl;  into 

l . Write  =  − . It is easy to see that  is independent of the
choice of the root  of l(X ) − a. We denote  by h; ai. The map (; a) 7! h; ai
gives us a map Hl;     ! l .
Proposition 3.3. The map Hl;     ! l given by (; a) 7! h; ai is A-bilinear; so
that the kernel on the left is f1g and the kernel on the right is   \ l(Ll).
Proof. Similar to the proof of Proposition 2.8.
Thus, we have an A-module homomorphism ’ :  ! HomA(H (l); l ). More pre-
cisely, for each a 2  , we have an A-module homomorphism
’a :H (l)! l dened by ’a() = − ;
where l() = a.
By the same way as discussed in Section 2, we can get the following results.
Theorem 3.4. Let el( ) = g:c:d:(e( 0= ); l) and let  ’ be the kernel of ’. Then
el( )( ’)l( ).
Corollary 3.5. If el( ) = 1; i.e. l - e( 0= ); then l( ) =   \ l(Ll) =   \ l(L). In
this case; the pairing H (l) =l( )! l is nondegenerate. Consequently; we have
an A-module (resp. A=lA-module) isomorphism
’ : =l( )! HomA(H (l); l )(resp: ’ : =l( )! HomA=lA(H (l); l )):
Corollary 3.6. If el( )=1 and   is free of rank r with basis fa1; : : : ; arg; let ’i=’ai ;
then the map H (l) ! l      l (r-copies) given by  7! (’1(); : : : ; ’r()) is
an A-module (resp. A=lA-module) isomorphism.
Note that it is not clear whether el( )=1 for almost all monic irreducible polynomials
l in A. In order to obtain the result that H (l) = l     l (r-copies) for almost
all primes l in A, we give the proof as follows:
First, recall the following well-known result (see also [12, Lemma, p. 71]).
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Lemma 3.7. Let R be a product of elds; and let V be a free rank one module over
R. Suppose that C is an R-submodule of B= V      V (n times) which is strictly
smaller than B. Then there are elements t1; : : : ; tn of R; not all 0; such that
P
tivi=0
for all (v1; : : : ; vn) 2 C.
By taking R = A=lA, V = l and C = H (l), it is sucient to show that there are
elements ’1; : : : ; ’r 2 H (l) which are linearly independent over A=lA.
Let Hl = Gal(Lsep=L(

l )). Consider the map ’
0 : L ! Hom(Hl; l ) given by x 7!
’0x, where ’
0
x() = ()−  for  2 Hl and some  with l() = x. It is easy to see
that the map ’0 is A-linear. Consider the map  : L ! H 1(Gal(Lsep=L); l ), which
is obtained by taking cohomology in the short exact sequence 0 ! l ! Lsep
l! !
Lsep ! 0. By denition, it is easy to see that ’0 is the composition of  with the re-
striction homomorphism Res: : H 1(Gal(Lsep=L); l ) ! H 1(Hl; l ) = Hom(Hl; l ).
By the restriction-ination sequence together with the vanishing of H 1(G(l); l )
(given in Proposition 3.2), we have that ’0 induces an A=lA-linear injection
L=l(L) ! Hom(Hl; l ). Notice that if we restrict ’0 to  =l( ), then each ’0x in
’0( =l( )) factors through H (l). So, we may view the map ’0j =l( ) as the natural
map  =l( )! Hom(H (l); l ) given by a 7! ’a as dened above in Theorem 3.4.
By the same arguments as in [4, Theorem 5], we have that for almost all l in
A, a1; : : : ; ar are linearly independent modulo l(L). Hence ’1; : : : ; ’r are linearly inde-
pendent over A=lA.
Remark. Since the orders of l and G(l) are relatively prime, by [2, Corollary 10:2],
we have that H 2(G(l); l ) = 0. In this case, the orders of H (l) and G(l) are also
relatively prime, so H 2(G(l); H (l))=1, where G(l) acts on H (l) by conjugation. In
particular, the exact sequence 1 ! H (l) ! G (l) ! G(l) ! 1 is split and G (l) is
a semidirect product of H (l) by G(l) (see [2, Chapter IV]).
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